Abstract. This paper considers the category SET(L) of L-subsets of sets with a fixed basis L and is a continuation of our previous investigation of this category. Here we study its general properties (e.g., we derive that the category is a topological construct) as well as some of its special objects and morphisms.
Introduction
The notion of a fuzzy set introduced in [7] induced many researchers to study different mathematical structures involving fuzzy sets and their generalization L-fuzzy sets [1] or just L-sets for short. In particular, some authors considered the category SET(L) of all L-subsets of sets with a fixed basis L. The aim of our work is further contribution to the study of some intrinsic properties of the category SET(L). The article is a continuation of our previous investigation of this category in [5, 6] where we considered some special objects and morphisms as well as some standard constructions in it. Despite of being a continuation the article is self-contained and does not require from the reader to be familiar with the preceding parts.
The paper starts with an introductory section, i.e., Preliminaries, where we recall the definition of the category SET(L) and discuss some results from our previous investigation of this category. The next section is devoted to general properties of the category SET(L). We prove that the category is a topological construct and consider its relations to topoi theory. We continue by considering some special morphisms and objects in the category SET(L). Here we consider some types of monomorphisms (epimorphisms) and derive that they all are equivalent.
We use standard terminology accepted in Category theory (see, e.g., [3] ).
Preliminaries
In this section we will discuss some basic properties of the category SET(L). Let us start by recalling its definition (see [1] ).
Suppose L is a complete lattice (L, ), i.e., a partially ordered set such that for every subset A ⊂ L the join A and the meet A are defined. In particular, L =: 1 L and L =: 0 L . We assume that 0 L = 1 L , i.e., L has at least two elements. Then the category SET(L) can be defined as follows.
The objects of SET(L) are all L-subsets of sets, i.e., mappings X :X → L whereX is an arbitrary set (maybe empty). Henceforth the objects of SET(L) will be denoted by X, Y or Z and arbitrary sets byX,Ỹ orZ. By saying that an object X ∈ Obj SET(L) is given we will always mean that X is a mapping X :X → L.
Given two objects X, Y ∈ Obj SET(L), the set of morphisms from X to Y Mor SET(L) (X, Y ) consists of all mappings f :X →Ỹ such that X(x) Y • f (x) for all x ∈X. Given an object X ∈ Obj SET(L), we denote its identity morphism by e X . Now we will list some properties of the category SET(L) which we will need throughout the article and whose proofs can be found in [5, 6] . All of them are related to special morphisms and objects in the category SET(L); also notice that we use "iff" for "if and only if".
A morphism f : X → Y is (1) a monomorphism iff f is injective; (2) a regular monomorphism iff f is injective and X = Y • f ; (3) an epimorphism iff f is surjective; (4) a regular epimorphism iff f is surjective and Y (y) = {X(x) | f (x) = y} for every y ∈Ỹ ; (5) an isomorphism iff f is bijective and X(x) = Y • f (x) for all x ∈X; An object X is a final object iffX = {x 0 } and X(x 0 ) = 1 L .
On some general properties of the category SET(L)
In this section we will consider some general properties of the category SET(L). Let us start with a remark concerning its objects.
Suppose we have some X ∈ Obj SET(L). One can consider the map X :X → L as a structure on the setX. Thus, the object X can be viewed upon as a pair (X, X). This gives rise to considering the following notion (see [4] ).
Suppose we have a category C. Then C is called a construct provided that its objects are structured sets, i.e., pairs (X, ξ) whereX is a set and ξ is a C-structure onX, and its morphisms f : (X, ξ) → (Ỹ , η) are suitable maps betweenX andỸ whose composition law is the usual composition of maps.
Clearly, one can regard the category SET(L) as a construct. Further, let us consider the following notion (see [4] ).
A construct C is called topological iff it satisfies the following two conditions:
(1) (Existence of initial structures). For any setX, any family ((X i , ξ i )) i∈I of C-objects indexed by a class I and any family (f i :X →X i ) i∈I of maps indexed by I there exists a unique C-structure ξ onX which is initial with respect to (X, f i , (X i , ξ i ), I), i.e., such that for every C-
For any setX, the class {(Ỹ , η) ∈ Obj C |Ỹ =X} of all C-objects with underlying setX is a set. Notice that if ξ is the initial structure onX with respect to (X,
Proof. Let us prove that both conditions are fulfilled. Suppose we have some setX, a family (X i ) i∈I of SET(L)-objects and a family (f i :X →X i ) i∈I of maps. We have to make an L-set ofX. Let the map X :X → L be the following,
Further, take any map f i0 :X →X i0 , i 0 ∈ I. Then for every x 0 ∈X,
and therefore f i0 ∈ Mor SET(L) (X, X i0 ). Let us prove that the structure onX is initial with respect to (X, f i , X i , I).
Suppose we have some Y ∈ Obj SET(L) and a map g :
Thus, g is indeed a morphism. Now we will prove the uniqueness of the structure X. Suppose we have another map X :X → L which is initial with respect to (X, f i , X i , I). Then
Since
. Thus, X(x) = X (x) for every x ∈X and the initial structure X on the setX is unique.
One can easily verify that for any setX the class {Y ∈ Obj SET(L)|Ỹ = X} is a set since there is only a set of different maps fromX to L.
Notice that in case of an empty class I we get an indiscrete structure on the setX, i.e.,
Since SET(L) is a topological construct it has final structures, i.e., for any setX, any family (X i ) i∈I of SET(L)-objects indexed by some class I and any family (f i :X i →X) i∈I of maps indexed by I there exists a unique SET(L)-structure X onX such that for any Y ∈ Obj SET(L) a map g :X →Ỹ is a SET(L)-morphism iff for every i ∈ I the composite map g
Indeed, suppose we have some setX. Let
The map X is a final structure on the setX with respect to (X i , f i ,X, I).
and thus, f i0 ∈ Mor SET(L) (X i0 , X). Now suppose we have some Y ∈ Obj SET(L) and a map g :
Thus, g is indeed a morphism.
Suppose we have another map X :X → L which is final with respect to
Further, take some x 0 ∈X. For every i ∈ I such that f
X (x 0 ). Thus, X(x) = X (x) for every x ∈X and therefore the final structure X on the set X is unique.
Notice that in case of an empty class I we get a discrete structure on the setX, i.e., X(x) = 0 L for x ∈X. Now we will consider a full subcategory
The category SET(L) n is not a topological construct.
Thus,X has no initial structure with respect to (X, f 1 , X 1 , {1}) and therefore the category SET(L) n is not a topological construct. Now, suppose we have a family (X i ) i∈I of SET(L)-objects indexed by a set
One can easily verify that (Y, (π i ) i∈I ) is the product of the family (X i ) i∈I (for more details see [5] where we considered the case when I = {1, 2}). Thus, the following theorem holds.
Theorem 3.4. The category SET(L) has products, i.e., for every set I, each family of SET(L)-objects indexed by I has a SET(L)-product.
For every i 0 ∈ I let q i0 :X i0 →Ỹ be the inclusion map, i.e., q i0 (x) = (x, i 0 ). One can easily verify that ((q i ) i∈I , Y ) is the coproduct of the family (X i ) i∈I (for more details see [5] where we considered the case when I = {1, 2}). Thus, the following theorem holds.
Theorem 3.5. The category SET(L) has coproducts, i.e., for every set I, each family of SET(L)-objects indexed by I has a SET(L)-coproduct.
In [6] we have proved that the category SET(L) has both equalizers and coequalizers. Since every category which has products and equalizers is complete and dually the category which has coproducts and coequalizers is cocomplete, the following theorem holds.
Theorem 3.6. The category SET(L) is both complete and cocomplete. Now let us consider the following notion (see [2] ). Suppose we have a category C. Then C is said to allow exponentiation provided that every two C-objects have a product and for every X, Y ∈ Obj C there exist an object Y X ∈ Obj C and a morphism ev : Y X × X → Y such that for every Z ∈ Obj C and every morphism g : Z × X → Y there exists a unique morphismĝ : Z → Y X such that the triangle
commutes. (Notice thatĝ × e X denotes the product of the morphismsĝ and
. Then the following theorem holds.
Theorem 3.7. The category SET(L ) allows exponentiation.
Proof. Suppose we have some X, Y ∈ Obj SET(L ). Let Y X be the set of all maps fromX toỸ , i.e., Y X = {f | f :X →Ỹ } and let
and thereforeĝ is indeed a morphism. Now, we have a morphismĝ × e X ∈ Mor SET(L ) (Z × X, Y X × X). From our investigation of the category SET(L) in [5] it follows thatĝ × e X ( , ) = (ĝ( ) , e X ( )). Thusĝ × e X (z, x) = (ĝ(z), e X (x)) = (g(z, ), x) for (z, x) ∈ Z × X. One can easily see that the above-mentioned diagram commutes and the morphismĝ is unique.
The next proposition shows one essential property of the category SET(L).
Proposition 3.8. The category SET(L) is not a topos.
Proof. Suppose the category SET(L) is a topos. Then it has a subobject classifier (see [2] ), i.e., a pair (t, Ω) with the following properties:
where F is a final object in the category SET(L); (2) (Ω-axiom.) For every two objects X, Y ∈ Obj SET(L) and every mono-
is a pullback square. (Notice that h is the unique morphism from the set Mor SET(L) (X, F ).)
Since F is a final object thenF = {w 0 } and
the above-mentioned diagram is not a pullback square that contradicts our former assumption. Thus, the category SET(L) has no subobject classifier and therefore is not a topos.
The following theorem shows that though the category SET(L) has no subobject classifier, it has something rather similar to it. Theorem 3.9. There exists a triple (Ω 1 , t, Ω 2 ), where Ω 1 , Ω 2 ∈ Obj SET(L) and t ∈ Mor SET(L) (Ω 1 , Ω 2 ) such that for every two objects X, Y ∈ Obj SET(L) and every monomorphism f ∈ Mor SET(L) (X, Y ) there exists a morphism g ∈ Mor SET(L) (X, Ω 1 ) with the following property:
(i) there exists a unique morphism χ f ∈ Mor SET(L) (Y, Ω 2 ) such that the square
is a pullback square.
Proof. We will construct the objects Ω 1 and
Suppose we have some X, Y ∈ Obj SET(L) and a monomorphism f ∈ Mor SET(L) (X, Y ). Let g :X →Ω 1 be the following, g(x) = X(x) for x ∈X.
Since f is a monomorphism, the map χ f is defined correctly. Clearly, χ f ∈ Mor SET(L) (Y, Ω 2 ). Let us prove that the above-mentioned square is a pullback square. First of all we have to verify that the diagram commutes. Indeed, for every x 0 ∈X, t • g(x 0 ) = X(x 0 ) and
. Now suppose we have some Z ∈ Obj SET(L) and two morphisms
We have to prove that there exists a unique morphism m ∈ Mor SET(L) (Z, X) such that g 1 = f • m and g 2 = g • m. Let m :Z →X be the following,
and therefore the above-mentioned square is indeed a pullback square.
Suppose we have another morphism χ f . Since
. One can easily see that for all maps m :Z →X, f • m(z 0 ) = y 0 = g 1 (z 0 ). Thus, the square is not a pullback square that contradicts out former assumption. Therefore, χ f is the unique morphism with the required property.
The next theorem shows one property of the triple (Ω 1 , t, Ω 2 ).
Theorem 3.10. For every two subobjects
Proof. We will prove the necessity first and therefore assume that (X, f ) ≈ (Z, h). Then there exists a unique isomorphism k : Z → X such that the triangle Z
In order to prove that χ f = χ h we will show that the square
is a pullback square. From the uniqueness of χ h it will immediately follow that χ f = χ h . First of all we have to verify that the square commutes. Indeed, since
For every W ∈ Obj SET(L) and every morphisms
commutes. Since k is an isomorphism, k −1 must be also and therefore
The last equality gives us the following,
• m = n. Now we will prove the sufficiency and therefore assume that χ f = χ h for some g f and g h . Then the following diagram can be created.
Factorization of morphisms in the category SET(L)
Suppose we have two objects X, Y ∈ Obj SET(L) and some morphism f ∈ Mor SET(L) (X, Y ). The map f :X →Ỹ defines an equivalence relation Q f on the setX, i.e., for all x, y ∈X, (x, y) ∈ Q f iff f (x) = f (y). Let Proof. Take any x 0 ∈X. Then
and f is indeed a morphism.
One can easily see that the triangle
commutes and therefore f factors through Z.
Proposition 4.3. The morphism f is an isomorphism iff the following conditions are fulfilled:
(1) f is surjective; (2) Y (y) = {X(x) | f (x) = y} for all y ∈Ỹ .
Proof. Let us prove the necessity first and therefore assume that f is an isomorphism. Clearly, f is surjective. Let us prove that the second condition also holds. Suppose we have some y 0 ∈Ỹ . Take any
Now we will prove the sufficiency and therefore assume that all conditions of the proposition are fulfilled. Clearly, f is bijective. The only thing we have to prove
) and therefore f is indeed an isomorphism.
Special morphisms
This section is devoted to special morphisms in the category SET(L). To begin with, we will consider some kinds of monomorphisms.
Suppose we have some morphism f ∈ Mor SET(L) (X, Y ). Then f is called an extremal monomorphism provided that it satisfies the following two conditions:
(1) f is a monomorphism. (2) (Extremal condition): If f = h • m, where m is an epimorphism, then m must be an isomorphism.
The following theorem shows the necessary and sufficient conditions for a morphism to be an extremal monomorphism.
Theorem 5.1. A morphism f : X → Y is an extremal monomorphism iff the following conditions are fulfilled:
Proof. Let us prove the necessity first and therefore assume that f is an extremal monomorphism. Since f is a monomorphism, f is injective. Further, letZ = f (X). For every z ∈Z let Z(z) = Y (z). Suppose m :X →Z is the restriction of the map f to f (X). Clearly, m ∈ Mor SET(L) (X, Z) and is surjective. Thus, m is an epimorphism. Suppose h :Z →Ỹ is the inclusion map, i.e., h(z) = z for every z ∈Z. Clearly, h ∈ Mor SET(L) (Z, Y ) and
Now we will prove the sufficiency and therefore assume that all conditions of the theorem are fulfilled. Since f is injective, f is a monomorphism. Suppose we have some object Z ∈ Obj SET(L) and two morphisms m : X → Z and h : Z → Y such that f = h • m and m is an epimorphism. Let us prove that m is an isomorphism. Since f is injective m must be also and therefore m is bijective. The only thing we have to verify is Z • m(x) = X(x) for every x ∈X. Suppose we have some
Now we will consider strict monomorphisms in the category SET(L), i.e., such morphisms f ∈ Mor SET(L) (X, Y ) that the following condition is fulfilled: whenever h is a morphism with the property that for all morphisms r and s, r • f = s • f implies that r • h = s • h then there exists a unique morphism k such that the triangle
(Notice that the definition implies, f is a monomorphism.) Theorem 5.2. A morphism f : X → Y is a strict monomorphism iff the following conditions are fulfilled:
Proof. We will prove the necessity first and therefore assume that f is a strict monomorphism. Then f is a monomorphism and therefore injective. Further, suppose we have some x 0 ∈X. Since f is a morphism then
Now we will prove the sufficiency and therefore assume that all conditions of the theorem are fulfilled. Suppose we have some h ∈ Mor SET(L) (Z, Y ) such that r • h = s • h whenever r • f = s • f . Let us verify that h(Z) ⊂ f (X). Indeed, suppose there exists some y 0 ∈Ỹ such that y 0 ∈ h(Z) and y 0 ∈ f (X).
Lastly, let us consider one more type of monomorphisms, i.e., strong monomorphisms in the category SET(L). Recall that a morphism f : X → Y is said to be a strong monomorphism provided that the following two conditions are fulfilled:
(1) f is a monomorphism;
(2) whenever g•m = f •k with m an epimorphism, there exists a morphism h such that the diagram
commutes.
Theorem 5.3. A morphism f : X → Y is a strong monomorphism iff the following conditions are fulfilled:
Proof. We will prove the necessity first and therefore assume that f is a strong monomorphism. Then f is a monomorphism and therefore injective. Further, suppose we have some x 0 ∈X. Then, since f is a morphism,
for w ∈W and let m be the restriction of f to f (X). Clearly, m ∈ Mor SET(L) (Z, W ) and is surjective, therefore, m is an epimorphism. Let k = idX and let g be the inclusion map, i.e., g(w) = w for w ∈W . Clearly, both k and g are morphisms and
Now we will prove the sufficiency and therefore assume that all conditions of the theorem are fulfilled. Since f is injective, f is a monomorphism. Further, suppose we have some morphisms k, m and g such that the square
commutes and m is an epimorphism. Let us verify that g(W ) ⊂ f (X). Suppose we have some y 0 ∈ g(W ) such that y 0 ∈ f (X). Then there exists some w 0 ∈W such that g(w 0 ) = y 0 . Since m is an epimorphism and therefore surjective, there exists some z 0 ∈Z such that m(z 0 ) = w 0 .
we have, f −1 (y 0 ) = ∅ that contradicts our former assumption. Now, let h :W →X be the following,
W (w 0 ). Thus, h is indeed a morphism.
The last three theorems imply the following result.
Theorem 5.4. For every morphism f ∈ Mor SET(L) the following are equivalent:
(1) f is a regular monomorphism; (2) f is an extremal monomorphism; (3) f is a strict monomorphism; (4) f is a strong monomorphism.
Now let us consider the dual of monomorphisms, i.e., epimorphisms in the category SET(L). By analogy with monomorphisms we will start by considering extremal epimorphisms.
Suppose we have some morphism f ∈ Mor SET(L) (X, Y ). Then f is called an extremal epimorphism provided that it satisfies the following two conditions:
(1) f is a epimorphism. (1) f is surjective;
Proof. Let us prove the necessity first and therefore assume that f is an extremal epimorphism. Since f is an epimorphism, f is surjective. Let us take the object Z defined in the previous section. Then f factors through Z. Clearly, f is a monomorphism and therefore an isomorphism. The proposition 4.3 implies that all conditions of the theorem are fulfilled. Now we will prove the sufficiency and therefore assume that all conditions of the theorem are fulfilled. Since f is surjective then f is an epimorphism. Suppose we have some object Z ∈ Obj SET(L) and two morphism h : X → Z and m : Z → Y such that m • h = f and m is a monomorphism. Let us prove that m is an isomorphism. Since f is surjective m must be also and therefore m is bijective. The only thing we have to verify is Y • m(z) = Z(z) for all z ∈Z. Suppose we have some z 0 ∈Z.
Now we will consider strict epimorphisms in the category SET(L), i.e., such morphisms f ∈ Mor SET(L) (X, Y ) that the following condition is fulfilled: whenever h is a morphism with the property that for all morphisms r and s, f • r = f • s implies that h • r = h • s then there exists a unique morphism k such that the triangle
(Notice that the definition implies, f is an epimorphism.) Theorem 5.6. A morphism f : X → Y is a strict epimorphism iff the following conditions are fulfilled:
Proof. We will prove the necessity first and therefore assume that f is a strict epimorphism. Then f is an epimorphism and therefore surjective. Further, suppose we have some y 0 ∈Ỹ . Since f is a morphism,
Now we will prove the sufficiency and therefore assume that all conditions of the theorem are fulfilled. Suppose we have some
Lastly, let us consider strong epimorphisms in the category SET(L). By analogy with strong monomorphisms a morphism f ∈ Mor SET(L) (X, Y ) is said to be a strong epimorphism provided that the following two conditions are fulfilled:
(1) f is an epimorphism; The last three theorems imply the following result.
Theorem 5.8. For every morphism f ∈ Mor SET(L) the following are equivalent:
(1) f is a regular epimorphism; (2) f is an extremal epimorphism; (3) f is a strict epimorphism; (4) f is a strong epimorphism.
Special objects
This section is devoted to some special objects in the category SET(L). Let us recall some definitions first.
Let C be a category which has products and let M be a class of monomorphisms in C. * has no regular separators.
